In this paper, we present infinitely many conserved densities satisfying particular conservation law F t = (2uF ) x for the generalized Riemann equations at N = 2, 3, 4.
I. INTRODUCTION
The Riemann equation
where u = u(x, t) and subscripts denote specified partial derivatives, also known as inviscid
Burgers equation or Hopf equation in literatures, has been extensively studied as a prototype for many phenomena related to hyperbolic systems. 1 Due to an interesting observation of Holm and Pavlov, the Riemann equation (1) was recently generalized to [2] [3] [4] (∂ t + u∂ x ) N u = 0, (N ∈ Z + )
which could be reformulated as a N-component system, namely
where u 1 = u, u j+1 = (∂ t + u∂ x )u j (1 ≤ j < N) and δ jN is the Kronecker delta. The equation (2), or equivalently the system (3), serves as a multi-component generalization of the Riemann equation (1) and will be referred to as the generalized Riemann equation, which has been shown to be closely related to some physically important models. In fact, the generalized Riemann equation at N = 2 could be viewed as a regular Whitham type system, 3 and reduced to the Gurevich-Zybin system 5 or an equation describing non-local gas dynamics 6 as well. Through a Miura-type transformation, a N-component extension of the Hunter-Saxton equation 7, 8 was deduced from the system (3).
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The generalized Riemann equation (3) is integrable, as certified by a universal matrix Lax representation at arbitrary N. 9 Furthermore, the bi-Hamiltonian structures for the generalized Riemann equations at N = 2, 3 and 4 were constructed. 2, 4 An extraordinary feature of the generalized Riemann equation (3) is attributed to abundant conserved densities of various types, which were constructed by different approaches, for instance, the recursion operator 5, 6 , an iterative procedure 2 or the Lax representation. 9 It was already pointed out by Popowicz 9 that most conserved densities surprisingly satisfy a common conservation law,
where F is a certain smooth function of u j (1 ≤ j ≤ N) and their derivatives with respect to
x. However, to the best of our knowledge there is still a lack of explanations to this richness of conserved densities.
Some clues from reduced equations of the generalized Riemann equation (3) may lead us to a better understanding about those conserved densities. On the one hand, the Riemann equation (1) was shown by Olver and Nutku to have a class of conservation law, 10 given by
where In this paper, we will construct conserved densities for the generalized Riemann equations at N = 2, 3 and 4. With the help of appropriate changes of variables, we will manage to figure out the most general conserved densities for which equation (4) 
II. THE GENERALIZED RIEMANN EQUATION AT N = 2
We rescale dependent variables as u 1 = −2u, u 2 = 4v, and write the generalized Riemann equation at N = 2 as
whose general solutions in implicit form have been obtained by quadratures.
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Differentiating both equations (5a) and (5b) with respect to x yields
Based on the trivial conservation law (6b), we introduce a reciprocal transformation
where new variables are defined by
Applying T 1 to equations (6a) and (6b) respectively, we obtain a system of ODEs
If we change dependent variables as
then the system (7a)-(7b) is linearized to
Now suppose that F (u x , v x , · · · , u nx , v nx ) is a conserved density of the system (5a)-(5b) such that
where u nx = (∂ n x u) and v nx = (∂ n x v). Denote the conserved density F in the coordinates (y, τ, p, q) as F , namely
then the equation (9) may be rewritten as
which identically holds provided that p and q solve (8a)-(8b).
It is easy to see that on the solutions of the system (8a)-(8b) the equation (10) reduces
which may be solved by the standard method, and yields
where G is an arbitrary smooth function of its arguments. Switching to the coordinates (x, t, u, v) and taking account of the relations
we obtain conserved densities with arbitrary function. Indeed,
solves the conservation law (9), where new variables are defined as
and
The conservation law (9) with the conserved density (11) could be directly proved with the following lemmas.
Proof. The evolution of α 1 and β 1 is shown by direct calculation.
Both α k and β k are defined by the same recursive relation γ k+1 = (v
where c k is a certain constant, then based on the recursive relation, we have
Hence, the conclusion holds for all α k , s and β k , s.
For any n ∈ Z + , we introduce a transformation
where α k 's and β k 's are defined by equations (12) and (13).
equation (12), we immediately obtain
From the recursive relation (13), we have
where G 1 is a 2-dimensional vector function. The 2 × 2 matrix in the right hand side is non-singular, so we could solve u kx and v kx step by step, and formulate them in terms of
Lemmas 1 and 2 enable us to construct conserved densities explicitly depending on u and
According to lemma 2, any F (u, v, u x , v x , · · · , u nx , v nx ) could be reformulated in terms of
and with the help of lemma 1, the conservation law (14) could be calculated as
Solving it by the standard method gives us conserved densitieŝ
which takes conserved densities of the form (11) 
where α k 's and β k 's are defined by equations (12) and (13), and G is an arbitrary smooth function of its arguments.
In the rest part of the section, we manage to find new conservation laws other than (14) for the system (5a)-(5b). Let us consider a smooth function
With the aid of lemma 1, it is straightforward to have
If there exists Q(α 1 , β 1 , · · · , α n−1 , β n−1 ) such that
then H = v x P (α 1 , β 1 , · · · , α n , β n ) would be a conserved density such that
Taking account of the recursive relation (13), we have
Then equation (15) is rewritten as
We summarize above discussions as Proposition 2. When the generalized Riemann equation at N = 2 (5a)-(5b) holds, given an arbitrary smooth function Q(α 1 , β 1 , · · · , α n−1 , β n−1 ), let
then H = v x P is conserved and satisfies the conservation law ∂ t H = ∂ x (2uH + Q).
As an implementation of proposition 2, we construct a conserved density from the smooth function Q(α 1 )β 1 . Following the formula (16), we have
where Q ′ (α 1 ) = ∂Q/∂α 1 and T (α 1 , α 2 , β 2 ) is the "constant" of integration. Then, we obtain a conserved density
such that
We notice that v x T (α 1 , α 2 , β 2 ) is also a conserved density as implied by proposition 1, and
So the conservation law (17) could be simplified by replacing H(u x , v x , u xx , v xx ) by
To conclude this section, we comment on that regarding the generalized Riemann equation
at N = 2 (5a)-(5b), while above two propositions provide most conserved densities, they by no means exhaust all possibilities since there are extra conservation laws explicitly depending on time, 9 such as
III. CONSERVATION LAWS OF RELATED SYSTEMS
Under appropriate changes of variables and/or reductions, the generalized Riemann equation at N = 2 (5a)- (5b) 
while equation (5b) to
Differentiating equation (19) with respect to x and letting ρ = Φ xx , we obtain
The coupled system (18) and (20) (ρû) t + (ρû
we obtain the Monge-Ampere equation
Taken the above connection into consideration, their conserved densities are easily deduced from those of the system (5a)-(5b). For instance, inferred from the conserved density (11), the Gurevich-Zybin system (18) and (20) has conserved densities of the form
such that the conservation law
Similarly, replacing u by Φ xt /(2Φ xx ), while v by −Φ x /4 in the conserved density (11) yields conserved densities of the Monge-Ampere equation (21).
B. Two-component Hunter-Saxton equation
Let v x = (u 2 x + η 2 )/2, then the system (6a)-(6b) is converted to
which obviously reduces to the Hunter-Saxton equation 7, 8 when η = 0, and is referred to as two-component Hunter-Saxton equation.
2,5
Replacing v x by (u 2 x + η 2 )/2 in (11) immediately gives us conserved densities
for the two-component Hunter-Saxton equation (22a)-(22b),
and the corresponding conservation law is given by
When η = 0, allα k 's vanish and the quantity (23) reduces to
where G 2 = G 1 | η=0 . Thus we recover the conserved density with arbitrary function of the Hunter-Saxton equation recently reported by Tian and Liu.
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IV. THE GENERALIZED RIEMANN EQUATIONS AT N = 3, 4
In this section, we will construct conserved densities with arbitrary smooth functions for the generalized Riemann equations at N = 3, 4. To this end, we will introduce new dynamical variables in such a way that their evolutions take simple forms. All results could be verified as we did in section II, so detailed proofs are omitted.
A. N = 3
By rescaling dependent variables as u 1 = −2u, u 2 = 4v and u 3 = −8w, the generalized Riemann system at N = 3 is rewritten as
To get conserved densities with concise expressions, let
then in the same way as we proved lemmas 1 and 2, we obtain Lemma 3. when the system (24a)-(24c) holds,
Lemma 4. For any n ∈ Z + , the transformation
is invertible.
Regarding the generalized Riemann equation at N = 3 (24a)-(24c), suppose that
is a conserved density such that
According to lemmas 3 and 4, the conservation law (25) could be solved in coordinates
Proposition 3. Equation (25) is qualified as a conservation law of the system (24a)-(24c)
if and only if
In the spirit of proposition 2, we also find conservation laws of the form
where Q = Q(α 1 , β 1 , γ 1 , · · · , α n−1 , β n−1 , γ n−1 ) is an arbitrary smooth function and
The generalized Riemann equation at N = 4 is given by
where u = −u 1 /2, v = u 2 /4, w = −u 3 /8 and z = u 4 /16. Let
then in terms of these new dynamical variables, we have
Lemma 6. For any n ∈ Z + , the transformation
On the basis of above lemmas, the following results are proved.
Proposition 4. F = F (u, v, w, z, · · · , u nx , v nx , w nx , z nx ) is a conserved density such that ∂ t F = ∂ x (2uF ) if and only if F = z x G z, w 2 − 2vz, 3uz 2 − 3vwz + w 3 z 2 , α 1 , β 1 , γ 1 , δ 1 − w z , α 2 , β 2 , γ 2 , δ 2 , · · · , α n , β n , γ n , δ n .
Proposition 5. For any smooth function Q = Q(α 1 , β 1 , γ 1 , δ 1 , · · · , α n−1 , β n−1 , γ n−1 , δ n−1 ),
is a conservation law of the system (26a)-(26d) if
V. CONCLUSION
It is well known that the existence of infinitely many conserved densities dependent on arbitrary function implies strong integrability for a system. In this paper, by introducing special variables we obtain infinitely many conserved densities (two categories) for the 
